ON THE LOWER CENTRAL SERIES OF AN ASSOCIATIVE 

ALGEBRA 



GALYNA DOBROVOLSKA, JOHN KIM, AND XIAOGUANG MA 



(with an appendix by Pavel Etingof) 



Abstract. For an associative algebra A, define its lower central series Lo(A) = 
A, Li(A) = [A, Li—i(A)], and the corresponding quotients Bi(A) = Li(A)/ LiJ r i{A). 
In this paper, we study the structure of Bi(A n ) for a free algebra A n . We con- 
struct a basis for B2(A„) and determine the structure of ^3(^2) and £4^2). 
In the appendix, we study the structure of B2(A) for any associative algebra 
A over C. 



1. Introduction 

Let A be an associative algebra. Let us regard it as a Lie algebra with com- 
mutator [a, b] = ab — ba. Then one can inductively define the lower central series 
filtration of A: L\(A) = A, Li(A) = [A, Li-i(A)], and the corresponding quotients 
Bi{A) = Li{A)/Li + i{A). It is an interesting problem to understand the structure 
of the spaces Bi{A) for a given algebra A. 

The study of Bi(A) was initiated in the paper by B. Feigin and B. Shoikhet [FSJ, 
who considered the case when A — A n is the free associative algebra in n generators 
over C. Their main results are that Bi(A n ) for i > 1 arc representations of the Lie 
algebra W n of polynomial vector fields in n variables, and that B2(A n ) is isomor- 
phic, as a Wrj-module, to the space of closed (or equivalently, exact) polynomial 
differential forms on C™ of positive even degree. 

The goal of this paper is to continue the study of the structure of Bi(A n ), and 
more generally, of Bi(A) for any associative algebra A. More specifically, in Section 
2 we give a new simple proof of the result of Feigin and Shoikhet on the structure 
of B-2(A n ) for n — 2,3, by constructing an explicit basis of this space. In Section 3, 
we generalize this basis to the case n > 3, and use it to determine the structure of 
the space B 2 (An), where A% is the quotient of A n by the relations x™* = 0, where 
rrii are positive integers. In Sections 4,5 we obtain some information about the 
structure of B m (A 2 ) as a W-Vmodule. In Section 6 we determine the structures 
of £3(^2) and .84(^2), thus confirming conjectures from |FS| . Finally, in the 
appendix, the structure of B 2 (A) is studied for any associative algebra A over 



2. The structure of £? 2 ,2 and B 3i2 

2.1. Some notations. Let A n be the free algebra over C in n generators x\, . . . ,x n . 
Let mi, . . . ,m n be positive integers, and R be the set of relations a;™ 1 = 0, i = 
1, ... ,n. Let A^ = A n j (R). From now on, we denote Bi(A n ) by B n j, and Bi(A^) 

by 5^. 
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Let each generator x% have degree 1. We say that w G B n .k has multidegree 
(ii,...,i n ) if every x s occurs i s times in every monomial of w. The set of all 
multidegree i = (i\,...,i n ) elements in B n ^ is denoted by B n ^[i}. Note that 
not all w <E i?„,fc will have a multi-degree. However, monomials and brackets of 
monomials in B n j, will have a multi-degree. Let I = i\ + ■ ■ ■ + i n , and call I the 
degree of w. We denote B n ^[l] to be the set of all degree I elements in B n ^. 

2.2. Basis for B 2 ^ 2 [l\. In this section, we find a basis for B 2 ^ 2 [l\. 

Proposition 2.1. For I > 2, the I — 1 elements [x\,x l 2 ~ l ] for i — I,..., I — 1 

constitute a spanning set for B 2t2 [l]. 

Proof. First note that every element of 82,2^] can be expressed as a linear combi- 
nation of the brackets [a, x\] and [b, X2], where a and b are monomials with degree 
no less than 1. To see this, consider an arbitrary bracket of monomials in B 2 _ 2 [l]. 
This bracket may be written as [P, qiq 2 ■ ■ ■ q n ], where n > 2 and qi represents either 
x\ or x 2 . 

Then we have 

[P, qiq 2 ■ ■ ■ q n ] = [Pqx ■ ■ ■ q n -i,q n ] + [q n Pqi ■ ■ ■ q n -2, q n -i] H h [l2 ■ ■ ■ q n P, qi}- 

As every element of B 2}2 [1] is a linear combination of such brackets of monomials, 
and each bracket of monomials is a sum of brackets of the desired form, every 
element of -B2.2H is a linear combination of brackets of the desired form. 

Consider [a, xi]. Write a — x\a\, where a\ begins with x 2 or is equal to 1. 
Then we have [ai,a;J +1 ] = ^2j = o[xi~ : ' a\x{, x\\. Notice that all the terms in the 
summation are equivalent in -82,2^] because we can cyclically permute either term 
of the bracket. So [a^ai, xi] = j^[ai,x\ +l ]. 

If ai is not 1, then ai can be written as x^x™^, where a 2 begins with x 2 or is 
equal to 1. So by the same argument as above, 

[aux^ 1 ] = [x» 2 ,^ +1 ] = [x^a 2 x^,x\ +1 ] = -^-{a 2 x™, x\ +1+n ] 

n + 1 

Continuing this process will eventually transfer all powers of x\ to the right side 
of the bracket, showing that [a, x{\ is a constant multiple of [x l 2 ~ l , x\] — — [x\,x^~ l ] 
for some i from 1 to I — 1. 

A similar argument shows that [b,x 2 ] is a constant multiple of \x\,x l 2 % \. Re- 
calling that every element of i?2,2[Z] is a linear combination of brackets of the form 
[a,xi] and [6,2:2], the proposition is proved. □ 

Theorem 2.1. Fori > 2, the l — l elements of the form [x\,x l 2 ~ l ] fori = — l 

constitute a basis for B 2 , 2 [l], so for any i,j > 1, B 2y2 [(i,j)] = C • [a;|,o^]. 

Proof. We will show that dimi?2.2[Z] > Z — 1. Since we have already found I — 1 
generators for B 2t2 [l], we conclude that dimS 2 ,2[Z] must be equal to I — 1, and thus 
the spanning set we found must be a basis for -82,2^]- 

We claim that [a^ -1 ,^] is non-zero, i.e. [a;' -1 , £2] is not in [[A 2 , A 2 ], A 2 ]. Note 
that [L4 2 , A 2 ], A 2 ] is spanned by elements of the form [[mi, m 2 ], m^], where mi, 
m-2 , and m.3 are monomials in A 2 , and the only brackets of this form which contain 
either x l {~ 1 x 2 or x 2 x l {~ 1 are either of the form [[x\, x 2 ], x l 1 ' 1 ^ t ] or [[x 2 , x\], x 1 ^ 1 ^' 1 ] = 
— [[x\, x 2 ], x 1 ^ 1 ^ 1 }. In these brackets, the coefficients of x l 1 ~ 1 x 2 and x 2 x l ^ x are 
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always equal. Therefore, no linear combination of these brackets can give opposite 
signs on x l {~ 1 X2 and X2X l l ~ 1 , as in [a^ -1 , a^]- Hence, [a;^ -1 , X2] is not in [[A2, A2], A2]. 

Consider the Lie algebra £j[(2, C). Then it has an action on .82,2 [(] since it has a 
natural action on the generators {xi,X2}- By direct computation, we can see that 
[a;i ,£2] is a highest weight vector for g[(2,C) with weight (I — 1, 1). From the 
representation theory of flt(2, C), it follows that this vector generates an (/ — 1)- 
dimensional irreducible representation of g[(2,C) contained in -82,2^]- 

Hence, dim 82,2 [I] > I — 1, and the conclusion follows from the argument given 
in the beginning of the proof. □ 



2.3. The n = 3 Case. 

Proposition 2.2. For I > 2, the I 2 - 1 non-zero elements of the form [ 
and [x^Xg 3 , x l 2 ] for i\ + i 2 + £3 = I constitute a spanning set for -83,2^] ■ 

Proof. By a similar argument as before, every element of -B32 can be expressed as 
a linear combination of the brackets [a, x{\, [b, X2], and [c, 353], where a, 6, and c are 
monomials with degree no less than 1. 

Consider [a, x\]. This may be written as a constant multiple of a bracket of the 
form [x] 1 , ai], where a\ is a product of only a^'s and X3 's. We then write [x 1 ^ , a{\ as 
the sum of [aix^ 1 " 1 , x\] with brackets of the form [a^di, X2] and [x*id 2 , £3], where 
di and 0I2 are products of only a; 2 's and x^'s. 

We can write [x\ 1 di,X2] = ki{x % i x\ 3 , x 2 2 ] and [a^ 1 ^, £3] = ^2 [a^ 1 x\ 2 , a; 3 3 ] . Noting 
that [aia^ - ,x{\ is a constant multiple of [ar^ai], we may now solve for [x* 1 ,^], 
realizing it as a linear combination of [a^a:^ 3 , x % 2 \ and [ ]. Therefore [a, x\\ 

is a linear combination of [a^a;^ 3 , x\ 2 \ and [x^ x l 2 ,x\ 3 ]. 

By performing a similar analysis on [b, X2] and [c, X3], we find that every element 
of B3 2 can be expressed as a linear combination of [x^ x$ , x 2 2 ], [a^ 1 JCj 2 , 3G3 3 ] , an( i 
[X2 x 3, x il Noting that [a;^ 3 , a; 2 2 ] + [x^ xf , xf] + [x\ 2 x 3 a , x^ ] = 0, we have that 
every element of B% 2 can be expressed as a linear combination of [a;^ 1 a; 3 3 , x % 2 ] and 



By using a similar method to the two variable case, we can consider the gt(3, C) 
action and find that the element [a^^a^] (which we showed to be nonzero when 
considering the two variable case) is a highest weight vector of weight (n — 1, 1, 0). 
It then follows from the representation theory of gt(3, C) that this vector generates 
a representation of dimension I 2 — 1, and hence the dimension of -83,2^] is at least 
I 2 — 1. Combining with Proposition 12.21 we have 

Theorem 2.2. For any i = (ii,t2,h) £ (^>o) 3 ; [^l 1 x 2 2 , x 3 3 ] and [x 1 ^ x 1 ^ , x l 2 ] con- 
stitute a basis for 83^ [i]. 

Remark 2.1. The proof of Proposition [2~T1 mimics the manipulation of 1-forms done 
by Feigin and Shoikhct iFSj . except in the language of brackets. 

Theorems 12.11 and 12.21 can be obtained from Theorems 1.3 and 1.4 in [FSj . re- 
spectively. But here we have given new direct proofs of these theorems without 
using the results of [FSj . We have not been able to generalize these proofs to the 
case n > 4. 
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3. The structure of £?„ j2 for general n 

3.1. The Main Theorem about B 7li 2- Let P n be the set of all permutations of 
1,2, ... ,n which have the form (2, 3) S2 (3, 4) 5:i ■ • • (n — 1, n) 6 "- 1 , where is the 
permutation of i and j, and Si = or 1. From now on, let i = (ij, . . . , i n ) E (Z >0 ) n . 

Theorem 3.1. The basis elements for B n ,2[i] are the 2 n ~ 2 brackets given by 

[ X p(l) ' ' ' X p{n-X) ' X p(n) ] f 0r P G ^" • 

In particular, we have 

dimB„, 2 [i] - 2"- 2 . 

Remark 3.1. Note that if some i s is zero then a basis of -B n ,2[i] is given by Theorem 
l3.1l for a smaller number of variables. Thus, Theorem 13 . 1 1 provides a basis of B n ^[l] 
for any I, and thus a homogeneous basis of B n ,2. An interesting property of this 
basis is that it consists of elements whose monomials are non-redundant (i.e. every 
letter occurs only once in some power). 

The proof of Theorem 13. H is given in the next three subsections. 

3.2. The Feigin-Shoikhet Isomorphism. We will use the isomorphism in [FSj 
between B n 2 and ^ e 7 e ™l (C™), the closed even differential forms with positive de- 
gree, to prove the main theorem. Recall </>„ is a homomorphism of algebras: 

<f> n : A n - r! cvcn (C")* 

which takes Xi G A n to Xi £ J7°(C ra ) and 

(j)<n(^XiXj^j — Xi % Xj — - X^Xj ~\~ dXi f\ d/Xj. 

Feigin and Shoikhct proved that <f> n induces an isomorphism 

Now let w E ri p (C") be a p-form. We say that w has multidegree i if every x s 
occurs i s times in every monomial of w. Define Sl p (C")[i] to be the space of all 
forms of multidegree i. 

The main theorem is then a consequence of the following two lemmas: 

Lemma 3.1. dim^™ n +(C")[i] = 2 n ~ 2 . 

Lemma 3.2. The 2 n ~ 2 brackets described in the main theorem are linearly inde- 
pendent. 

3.3. Proof of Lemma 13.11 We first prove a more basic lemma, from which 
Lemma I3TT1 will follow. 

f n- r 



Lemma 3.3. dim0^ losed (C")[i 



Proof. By the Poincare Lemma, the De Rham differential defines an isomorphism 
d : n^HC»)[i]/fi£ed(C»)[i] - ^ loscd (C«)[i]. 

Hence, if D(p) := dimfl^ d (C n )[i], we have the recurrence relation: 

D (p) = \ n ) -D{p- 1), and D(0) = 0. 



P-1 

A simple inductive argument shows D(p) = I I , as desired. □ 

VP - 1 
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L n+1 ■ 



Lemma l3.il now follows from a simple combinatorial identity: 

OO OO / 1 v 

dimn°™+(C")[i] = ]>>mtt c 2 L cd (C")[i] = E ( 2 fc~ J = 

k=l k=l ^ ' 

3.4. Proof of Lemma I3.2I We begin by computing the image under the map <j> n 
of the brackets with the form given in the statement of the main theorem. 

Lemma 3.4. We have 

SC{1 n} keS k 

\S\ even 

where the indices in the wedge product are in increasing order. 

Proof. We prove this by induction. For n = 1, we have <j) n (x l i) desired. 
Assume the lemma is true for n. Then 

/ \ 

SC{l,..,n} fcGS Xk . 
\ \S\ even / 

Note that in the expansion of the last expression, the sum of the 2/-forms comes 
from d[(2l — 2)-forms] A dx % "tl + 2Z-forms Aa^i 1 . The first term gives all 2Z-forms 
which contain dx n+ \, whereas the second term gives all 2Z-forms which do not 
contain dx n +\. Together, all possible 2Z-forms appear in the expansion. These 
forms correspond to the subsets S of {1, . . . , n + 1} with exactly 21 elements. It 
is not hard to see that the coefficients of these forms are precisely the ones in the 
lemma. □ 

By direct computation, we have: 

Corollary 3.1. Let w s (xi, . . . ,x n ) = 2x\ x ■ ■ ■ <" /\ keS *fcfr ^ or S C i 1 -- ■■>"}• 

Then for ii, . . . ,i n > 0, we have 

(findxl 1 ■ ■ ■ x l ^Z{ , x%]) = E ^sixi, . . . , x n ), 

n£Sc{l,...,n} 
\S\ even 

where the indices in the wedge product are in increasing order. 
Notice that for p e P„, we have 

M\ x p(i) ■ ■•«p(n-i)> a: p(S]) = E e ( S >P) ^sixpi!), . . .,x p{n) ), 

p(n)eSc{l,...,n} 
|5| even 

where e(S,p) = ±1, depending on the choice of S and p. 
Denote ws (x p 

(l) j ■ ■ ■ ? 2-p(n)) by We are now ready to prove Lemma 13^2) 



Proof of lemma \3J& We proceed by induction on the number of variables. It is easy 
to see that the lemma is true for n = 2, 3 from the results in Section [2j Assume the 
lemma is true up to n > 3. We now prove the lemma for n + 1 variables. 

Let -P^ +1 be the set of permutations which contain (n, n + 1) (i.e., with S n = 1), 
and Pn+i be its complement in P n+ \. Then we have P n +i = Pn+x U Pn+i- 
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By applying the isomorphism 4> n +i, it is enough to show that the 2™ 1 forms: 

p(n+l)£Sc{l,...,n+l} 
\S\ even 

are linearly independent. 

For any p G P„+i> the components of u) p which do not contain dx n+ \ are precisely 
the forms in the n variable case which appear in lo p , where p'o(n, n+1) = p. Hence, 
the co p for p G -P„ + i are linearly independent. 

Furthermore, since every form which appears in u> p . for p G P„+i contains dx n +\, 
we only need to show that the forms uj p with p G P 2 +\ are linearly independent. 

Let S = {S C {1,. ..,n+ l}|l,n+ 1 G S and \S\ is even}. For any p G P 2 +1 , 

E e (S,p)^>s * s a nnear combination of even forms containing dxi A dx n+ i. It is 
SeS 

enough to show that these 2™ -2 sums are linearly independent. 

It suffices to prove the invertibility of the 2™~ 2 x 2"~ 2 matrix where each row 
represents a bracket p G -P 2 + i, each column represents a form S G S, and whose 
entries are the e(S',p)'s. For the rows, we choose the order recursively, beginning 
with the identity permutation. Given the first 2 k elements, the next 2 k elements 
are given by composition with (fc + 2, k + 3). 

For the columns, we will represent the form dxj 1 A • • • A dxj m by the ordered m- 
tuple (ji, . . . , j m )- We again choose the order recursively, beginning with (1, n+ 1). 
Given the first 2 k columns, the next 2 k columns are given by appending fc + 2, fc + 3 
to the first 2 fc ~ 1 columns and by replacing fc + 2 with k + 3 in the next 2 fc_1 columns. 

We prove the invertibility of this matrix by induction on n. When n = 3, the 

matrix is given by ^ j \ ) ' wn i cn 1S cl car ly invcrtible. Assume it is true for 
n > 3. 

Divide the matrix into equal fourths. Call the submatrices a n , f3 n , 7n, 5 n . Note 
that a n is the matrix for the n variable case. Now further divide each of these 
submatrices into four more equal quadrants. Call them o;^'^, cn^^, o;^'\ ol i' , etc. 
In the case of a n , we have a„' = a n _i, a^' 2 = /3 n _i, a 2 ' 1 = 7«-i, a 2 ' 2 = 5 n _i. 

Because changing the position of n in the permutation has no effect on the sign 
of the forms which do not contain n, we have a n = j n (and a n -i — 7n-i)- We 
also have a*' 1 = fy 1 and a*' 2 = f3^' 2 because the permutations in those rows leave 
n — 1 and n fixed. By similar analysis of the permutations, we can show the matrix 
has the form: 

OL n -\ Pn-l \ 

* Pn-l 
-a n -i 0n-l 

* S n -i J 

Subtracting the last 2™~ 3 rows from the first 2™~ 3 rows gives 
f a n -i /?„_i a n _i /3„_i \ 

2a„_i 
V * /? n _i- 5 n _i / 



V 7« <^n / 



/ a„_i /3„_i 
a n -i <$n-l 
On-1 /3n-l 
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It remains to show that a n , a n -i, and (5 n -\ — oVt-i are invertible. a n and a„_i 
are invertible by the induction hypothesis. We see that f3 n -i — S n -i is invertible 
by subtracting the last half of the rows from the first half in the invertible matrix 

Qfn-l Pn-l 
Ot-n-l $n-l 



□ 



3.5. Finite order case. 

Theorem 3.2. For any i = (ii, . . . , i n ) G (Z >0 )''\ 
if is ^ w s /or some s; 



[ 



B n ,2[i] if i s < m s for all s. 



Proof. It is clear that if i s < m s for all s then the relations have no effect, so the 
statement of the theorem holds. Now assume that for some s, i s > m s . Then 
the images in B^ 2 of all the basis elements from Theorem 13. II are zero. But these 
elements must span B^ 2 [i], which implies that this space is zero, as desired. □ 

Remark 3.2. In this proof it is important that the basis elements involve only 
non-redundant monomials, see remark [3. II 



4. The structures of B 2 , m [r, 1] and B 2 , m [r, 2] 

Let W n be the Lie algebra of polynomial vector fields on C™. In |FSj . Feigin and 
Shoikhet described an action of W n on B n ^. 

From now on, let A — A 2 be the free algebra generated by x, y and Li = Li(A). 
We denote by Li[r, s] (and B 2ym [r, s]) the space of elements of Lj (and F 2 , m ) with 
multi-degree (r, s), that is, consisting of monomials having r copies of x and s copies 
of y. The purpose of this section is to compute the bases of B 2tm [r, 1] and B 2 ^ n [r, 2] 
which will help us to find the W^-module structures of B 2 ?, and -B2.4, and obtain 
some information about the structure of B 2 m for general m in the subsequent 
sections. 

Define ad a fe = [a, b]. Then we introduce the following elements: 

b i% = &d x ° ad v ° ad l ° ad * fc (v l ) ; 

&g = ad; ml, i,/). 

Notice that bj'j k is an element in Li + j + ^[i + j + k, I + 1], and bfj is an element 
in Li +2 [i+ j, I}. For simplicity, when I = 1, we denote ftj'y fc by and 6^ by fe^j. 

4.1. Structure of B 2 , m [r, 1]. 
Theorem 4.1. For to > 2 we /iawe: 

R r» n _ / °' r < m-2; 

[ C • b m -2, r -m+2, T > m - 1. 

First we prove two lemmas. 

Lemma 4.1. For r > 1 and s > 0, i/ie linear map : ^[r, s] — > ^[r — 1, s] is 
surjective. 
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Proof. We do induction on s. For s — the statement is obviously true. Now 
suppose s > 0. Every monomial in A%[r — 1, s] has the form myx a , where < a < 
r — 1 and to is a monomial in A 2 [r — a — 1 , s — 1] . By the induction hypothesis there 
exists a polynomial p such that J^p = to. 

Now we show by induction on a that there exists a polynomial q such that 
J^q — myx a . If a — 0, put g = py. Suppose a > 0, then by the induction 
hypothesis there exists a polynomial / in A%[r, s] such that -§^f = pyx 11-1 . Then 
q = pyx a — af will be a solution. □ 

Lemma 4.2. The kernel of the map J| : A[r, 1] — > A[r — 1,1] is C • & r -i,i. 

Proof. By Lemma |4. 11 dimker ^ = dimA[r, 1] — dim A[r — 1, 1] = (r + 1) — r = 1. 
The element b r ^\ t \ is in the kernel of and it is non-zero. Thus the lemma is 
proved. □ 

Now we can prove the theorem. 

Proof of Theorem \4.1\ We first prove that for to < r + 1 the element & m -2,r-m+2 
spans B 2 , m [r 7 1]. We do this by induction on r. For r = 1, [x, y] spans B 2 ^[^, !]• 
Now suppose r > 1. The statement is true for m = 7'+ 1 obviously. Suppose to < r. 
For any w S -B2,m[ r , 1], we have G B 2rn [r — 1,1]- By induction hypothesis 
■§^w = c6 m _ 2 ,r-m+i for some constant c. Let p = r _^ +2 fr m -2,r-m+2- By Lemma 
14.21 we have w — p € ker ^ C L r+ i. Since m < r, w = p B 2m . So the statement 
is proved by induction. 

Therefore we have dim i^mb", 1] < 1 for wi < r + 1, and dim £?2 lTn [r, 1] = 
for m > r + 1. Since X)i<m<r+i dimS 2 , m [r, 1] = dimA 2 [r, 1] = r + 1 and 
dim .62,1 [?", 1] = 1, we have dim i^.mb", 1] = 1 for m < r + 1. □ 

4.2. Structure of B 2 , m [r-, 2]. 
Theorem 4.2. For to > 2 we have: 



Before starting the proof we will prove several lemmas. 

Lemma 4.3. The set S r = {bi^ t \\i + j = r — l,j is even } is a basis of L r -\-%[r, 2], 

Proof. At first, we prove elements in S r are independent by induction on r. For 
?' = 1 the claim is obvious. Assume it is true for r — 1. If r is even, then these 
elements have the form [x, where i+j = r— 2 and j is even. These elements are 
independent by the induction hypothesis because Y a i.j [ x i = [ x i a i,j^i,j,i\ 
has the leading monomial xm where to is the leading monomial of Y a i,j°i,jA- 

If r is odd, by a similar argument as the even case, we only need to show that 
the element 6o,r-i,i is independent from the others. Since it is the only element 
which has the monomial 2yx r y, the conjectured basis elements are independent by 
induction. 




to < r + 1 ; 
to = r + 2. 



A basis of B 2 ^ m [r, 2] for to < r + 1 is given by the to — 1 elements 



+3 for i + j = m — 3, and b. 
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Now wc show that elements in S r span L r +2 [r, 2] . It is enough to show that 
&o,r-i,i with even r is in [x, L r +i\. Applying Jacobi identity repeatedly, we obtain 

6 ,r-i,i = [[[y,x],x],[x,...[x,y]...]] + [x,L r+1 ] 

= ••• = [[[y,x], ■ ■ -],x], [x,... [x,y] ■■■}} + [x,L r+1 ], 

where the last element has equal number i of copies of x in the first and the second 
major brackets. But this element is zero, so the original element 2>o,r— 1,1 is m 
[x,L r+1 ], □ 

(2) 

Lemma 4.4. The set S' r = S r U {b iJt2 \i + j = r - 2} U {b^^} is a basis of 
L r +\[r, 2]. In particular, the set S' r — S r is a basis of B2,r+i [r, 2] . 

Proof. At first, we prove by induction on r that the elements in S' r are independent. 
When r = 1, it is easy to see. Now suppose r > 1. 

If r is even, all the elements in S' r except the element £>o,r-2,2 will have the 
form [x, b] where b is in S' r _ 1 which is the basis of L r [r — 1, 2]. As in the proof of 
Lemma [4.31 we only need to show &o,r-2,2 is independent from the others. Since 
its leading monomial is 2yx r y, which is not found in the others, the elements in S' r 
are independent. 

If r is odd, the elements in S' r are [x, b) where b E S' r _ 1 , and two other elements 
&0,r-2,2j &o,r-i,i- We observe that &o,r-i,i has a leading monomial 2yx r y which no 
other elements in S' r have, therefore 6o,r-i,i is independent from them. 

Now let r = 2i + 1. By direct computation, we have 

bo,r~2,2 = (2i - l)xyx 2i + (-2i 2 + 3i)x 2 yx 2t ~ 1 y + Oxyx 2i ~ 1 yx H , 

&i,r-3,2 = 2xyx 2i + (—2i + 2)x 2 yx 2i ~ 1 y + Oxyx 2i ~ 1 yx H , 

kz,r-3,i = Oxyx 21 + 2x 2 yx 2% ~ 1 y — 4xyx 2l ~ 1 yx H . 

Since these monomials are not present in the other elements of S' r , we have that the 
element &o,r-2,2 is independent from the other elements. Therefore by induction all 
the elements of S' r are independent. 

Now we show that S' r is a spanning set by induction on r. For r = 1 the statement 
is true. Assuming the statement for r— 1, we obtain that [x, L r [r— 1, 2]] is spanned 
by elements [x, b] for b £ S' r _i. Since the space [y, L r [r, 1]] is spanned by &o,r-i,i we 
only need to show that [x 2 , &o,r-3,i] is in the spanning space of «S^. By repeatedly 
applying Jacobi identity, we have: 

[x 2 ,6 ,r-3,i] = [[x 2 ,y],[ x ,---[x,y}...}} + [y,L r [r,l]\ 

= [{[x 2 ,y],x], [x,... [x, y] ...}} + [x, L r [r -1,2]] + [y, L r [r, 1]] 
= ... = [... [x 2 ,y],x],...],x],y] + [x,L r [r-l, 2]] + [y, L r [r, 1]]. 

So the set S' r spans L,. + i[r, 2] and we proved the lemma. □ 

Lemma 4.5. The linear map : ^[r, 2] — ► — 1, 2] has the property 

d 

ker— n[A,A] C L r+1 [r,2]. 



Proof. From Lemma 14.31 and 14.41 it follows that 



r + 1 

dimB 2 , r+ i[r, 2] = r, dimS 2iI . +2 [r, 2] = J- 
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We have the induced linear map jp- \b 2 r+1 [r,2] '■ B 2 , r +i [ r i 2] — > .E?2.r+i [f — 1, 2] which 
is surjective because -^bij j2 — 2&i,j,i- So 

d r r + 1 

dimker — | B2r . +l[j . i2 ] = dim S 2 ,r+i [r, 2] - dim -B 2 , r+ i [r — 1, 2] = r — [-J = L^— J- 

Also maps B 2 ^ r+2 [r, 2] to zero, so dim(ker n L r+ i[r, 2]) = 2L r rp-J . 

If As odd, 2[ r ± i J = r + 1, so ker ^ C L r+1 [r,2}. If r is even, 2[ r ± i J = r. 
In this case we consider the induced map ^|s 21 [r,2] : B^i[r, 2] — » .82,1 [f* — 1> 2]. 
These spaces are the spaces of cyclic words, so dimker -§^\b 2 ^r-,2] > dimS2,i[r, 2] — 
dim_B2.i[ r — 1, 2] = f 2 ^-] — [£] = 1 if r is even. So for even r, a one-dimensional 
subspace of ker -J^ lies in £?2,i- Therefore ker n [A, A] C L r+ i[r, 2]. □ 

Now we prove Theorem 14.21 

Proof of Theorem \4-S\ Let us prove that any element w of B2,m[ r i 2] is a linear 
combination of the conjectured basis elements. We do induction on r. 

If r = 1, both [x, y 2 ] and [y, [x, y]] are basis elements. If r > 1, we have -j^w which 
has degree r — 1 in x. So by induction hypothesis -j^w = Y^i+j= m -3 a i,ji'i,j,r-m+2 + 

nh^ Put -n — V h I g k( 2 ) + L<3n 

ao m-2,r-m+l- ruL P — Z^i+j=m-3 r-m+3 0j J. r - m + 3 ^ r-m+2 u m-2,r-m+2' Lueu 

-§^{w — p) = 0. So u> — p e ker g~ (~l [A, A] C L r+ i by Lemma 14.51 So w = p 
in L m /L m+ \ (m < r), and p is a combination of basis elements. Therefore the 
required elements span B 2 ^ m [r, 2] and dimi?2,m < m — 1 (2 < m < r). 

We know that dimi?2,i = l" 2 -^], dim£?2,r+2 = Lht"J an d dim_B2, m < m — 1 
(2 < m < r). But these numbers have to sum to dim A 2 [r, 2] = ( r + 1 K r + 2 ) ; g0 
dim -B2,™ — ffi — 1 (2 < m < r) and the found spanning elements actually form a 
basis for B 2 , m [r, 2]. □ 



5. The multiplicities of .Ty^i) and Jvp,2) IN #2,m 

We consider the Wn-modules on which the Euler vector field 
e = X)"=i Xi ~&t~ * s semisimple with finite-dimensional eigenspaces and has its eigen- 
values bounded from below. Let W® be the subalgebra of W„ of vector fields 
vanishing at the origin. 

Let Td = Homj7(^o)({/(W„),i r D) be the irreducible W„-module coinduced from 
a Ql(n, C)-module Fn where D is a Young diagram having more than one column. 
(For reference about modules To see |FF| or [F] ; for reference about Schur modules 
Fd see [Fulj ) . Let (p, k), where p > k are positive integers, denote a two-row Young 
diagram with p boxes in the first row and k boxes in the second row. 

In this section we prove 

Theorem 5.1. For m > 3, the W 2 -module B 2jm has in its Jordan-Holder series 
one copy of the module J-( m -i,\\, L^T^J copies of F(m—i,2)) an d L 12 ^] copies of 
J~{ m -2,2)- The rest of the irreducible W 2 -modules in the Jordan-Holder series of 
B 2 , m are of the form J~(p t k) where k > 3. 

Proof. If i?2,m contains a module Ffn), then dim F(p) [r, 0] = 1 which contradicts 
dimS2, m [r, 0] = 0. Similarly, B 2%m cannot contain the module of exact one-forms. 
Therefore all the irreducible IT^-modules contained in B 2 _ m are of the form F{ p ,k) 
where k > 1. 
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At first, we find the multiplicities of the modules F{p,i) in B2, m - Notice that for 
modules J~(p,k) where fc > 2, we have ^Tp.fe)^, 1] = 0. We also have 

dim^ (Pil) [r ) l] = | J' l^- 1 ' 

Comparing this to Theorem l4.1[ we obtain that i?2,m has one copy of 3-( m -i.i) and 
none of the other modules F( P ,i) where p ^ m — 1. 

Now let us find the multiplicities of the modules J~( p .2) m ^2,m- For modules 
J-(p^k) where k > 3 we have J-( p .k)[r, 2] = 0. We notice that 

dim^ (p , 2) M = { J; r r il~ 1] (i) 

We also have 

dim^ 7 ( ro _i ) i)[r,2] = 
By Theorem 14.21 we have 

dimB 2 , m [r, 2] - dim .F( m _i,i)[r, 2] = 

From formula (P), we have that -B 2 , m has L^lT^J copies of Ti m _2$\ and L^T^J 
copies of •?"(,,„_! 2 ), which together with the module J~( m -i.i) account for the di- 
mensions of B2.m[r, 2]. Finally, we remark that there may be some copies of the 
modules F( Pt k) with fc > 3 in i?2,m which we cannot detect with the help of the 
structures of -E^m^, 1] and i?2,m[^, 2]. □ 

We make the statement of this theorem more precise with the following 

Proposition 5.1. The module Ti m —i,i) * s the last term of the Jordan-Holder series 
of B2 t m } i-e. there is a projection map -B 2 . m -» J-( m -i.i)- 

Proof. For m > 4, consider the subspaces Mi :— [A, [A, . . . [i 2 , L m _i_2] • • ]/ L-m+i 
(0 < i < m — 4) of i?2,m- They are WVsubmodules of B 2 . m because W2 acts on 
B2,m by derivations. So the quotient space Z?2,m := L m / (L rn+ i + Mq + ■ ■ - + M m _4) 
is a WVmodule. 

We claim that i?2,m is isomorphic to Fi m —i,i) as a WVmodule. Take an element 
[pi, [p2, ■ ■ ■ [Pm~i,Pm] • • ■] of D2.n1- By the relations in -B 2i 3, we can assume that p m 
is either x or y. We notice that modulo Mi we can interchange the polynomials Pi+\ 
andpi+2 in the expression [pi, [p2, ■ ■ ■ \p m -i,Pm] ■ ■ ■}■ By such permutations, we can 
make p\ either x or y. Similarly, using the relations in i?2,3 and permutations, we 
can make each of the elements P2,Pz, ■ ■ ■ ,Pm-2 either x or y. Moreover, using per- 
mutations, we can order pi , . . . , p m -2 so that pi, . . . , pk — x and pk+i , ■ ■ ■ , Pm-2 = V 
for some < k < m — 2. 

For the elements of I?2,m, we introduce the notation c a .b.ij '■= ad^oad^ oad^i (y- 7 ). 
From the previous considerations, we obtain that Z^,™^] is spanned by the elements 
Ca,m-a-2,i,i-m-i+2, where < a < m — 2 and 1 < i < I ~ m — 1. The number of 
these spanning elements of Z?2,m is (m — !)(/ — m — 1). 
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In particular, D2, m [m] is spanned by the to — 1 elements e% — Ci-i, m -i-i,i,i, 
where 1 < i < m — 1. We notice that in D2.n1 we have 

d i ~ 1 

y~Q^ e i = X! aci K 1 ° a d3/(Ci-.j'-l,m-i-l,l,l) = (i~ l)ci-2,m-i,l,l = (« - l)ej-l. 

We notice that ei is not zero in A since it has a leading monomial xy m ~ x with 
coefficient (— l) m ~ 2 ^ 0. We also notice that ei has multi-degree (l,m — 1) in L m 
and L m +i[m] = Mi[m] = for < i < m — 4. It follows that e\ is not zero in the 
quotient space Di. m - 

From this we derive that e\, ei-, ■ ■ ■ , e m -i are independent in Z)2, m because for 
I < k < m — lifa^^O we have 

d 

(vo~) k ~ 1 Q>2 aiei + afcefc ) = flfeei ^ ( 2 ) 

i<k 

Therefore ei, . . . , e m -i form a basis of I?2,m- 

Now we show that the WVmodule D2, m is irreducible. Suppose it is not . Then 
it has a WVsubmodule S. Because -D2, m starts in degree (eigenvalue of the Euler 
operator) m, S has to start in degree at least in. We notice that the irreducible 
modules in the Jordan-Holder series of Di m which start in degree m have the sum 
of their dimensions in degree m equal to to — 1 = dim_D 2 ,m[ m ]- Therefore the 
sum of their dimensions in a degree I > to will be (to — — m + 1). But we 
already showed that diml^,™,^] < (m — — m + 1). Therefore all the irreducible 
modules in the Jordan-Holder series of I?2,m start in degree m. But the equality 
([21) shows that D2, m [m] belongs to a single WVsubmodule of Di.m generated by e\. 
Therefore Z?2,m is isomorphic to an irreducible W^-module, which starts in degree 
to and has dimension to — 1 in this degree. So this module is Td where D = (p, k) 
with p + k — to and p — k = to — 2. This is Ffm—ii)- ^ 

6. The structures of i? 2 ,3 and £? 2 ,4 

In this section we find the W^-module structures of #2,3 and B 2y 4- We will 
use characters of H^-modules which are formal power series in letters s, t. The 
character of a WVmodule M will be given by char M = dim M[a, b]s a t b , where 
M[a,b] denotes the subspace of elements of M with weights a, b of the operators 
x— v— 

dx ' y dy 

First we compute the characters of the irreducible modules T^ n rn ^ for Young 
diagrams (n, to). 

Proposition 6.1. The character of ^(n.m) is given by 

j-n — rn _r_ y-n— m— 1 n i ■ n—m 

Clldl J^( n m ) —hi . . 

Proof. This is true since to form an element of TO ) [a, 6] we have firstly to 
use to copies of x and to copies of y to produce the part {dx A dy)® m ; this ac- 
counts for the multiple s m t m in the character formula. Next we have to choose 
< i < n — to copies of x and n — to — i copies of y to produce the symmetric 
part (dx) 1 ■ (dy) n ~ m ~ l of the tensor part of an element of F(n, m )[ a i % this accounts 
for the sum t n ~ m + t n ~ m ~ 1 s + ■ • • + s n ~ m in the numerator of the character for- 
mula. Lastly, we have to add a polynomial part to our element by multiplying it 
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by s a m 1 and t b n+t ; this is accounted for by the multiples j^- — X)i>o s ' an< ^ 
Y~+ = J2i>o ^ m the character formula. □ 

By multiplying char J-( n . m ) by (1 — s)(l — t), we obtain a polynomial with a 
leading monomial s n t m . Since all these polynomials for different diagrams (n,m) 
have different leading monomials, they are independent. Therefore the characters 
of different Ti^m) are linearly independent. 



Theorem 6.1. The \V2-m0dule #2,3 is isomorphic to J-, 



(2,1) 



Proof. From the results about i?2,2 we know that [A[A, A]A, A] C L3. Since 
[C, L 2 ] = we have that £? 2 ,3 is a quotient of (S(C 2 )/C) (g) B 2 .2- By definition 
we have that S(C 2 ) is isomorphic to ^"(0.0) ■ By the results of [FSj we also have that 
£?2,2 is isomorphic to jF^i) ■ So i? 2 ,3 is a quotient of (^ r ( 0) o)/C) <3F(i t i)- Therefore 
the irreducible modules in the Jordan-Holder series of £?2,3 will be found among 
the irreducible modules contained in the module (^"(o.o) /C) ® Jvi i). To find them, 
we compute the character of the last module: 

char (<F( 0l o)/C)®.F(i,i) 

1 rf 



Hl-»)(l-t) 7 (l-.s)(f-<) 

= 2^ (l- a )(l-t) char ^(M) 

= char ^"(p.i) — char ^"(1.1) = ^] char .T^i). 

p>l p>2 

But we know from Theorem 15. f I that the only copy of J~( p ,i) in £?2,3 is ^"(2,1)- 
Therefore £?2,3 is isomorphic to ^(2,1) • 

□ 

Theorem 6.2. XTie \V2-m0dule i?2,4 has in its Jordan-Holder series only two ir- 
reducible \V2-m0dules, ^"(3,1) and ^(3,2) and each with multiplicity 1. 

Proof. From the results about i?2,2, we know that [A[A, A]A, A] C L3. Since 
[C, L 3 ] = we have that B 2 ,i is a quotient of (S(C 2 )/C) ® 5 2 ,3- 

Since S^C 2 ) is isomorphic to ^"(0,0) and from Theorem l6.ll we know that £2,4 is 
a quotient of (Jvo,o)/C) (8) ^(2,1) • Therefore the irreducible modules in the Jordan- 
Holder series of B2.4 will be found among the irreducible modules contained in 
(Jyo,o)/C) ® ^(2,1) ■ By a similar computation to the one in the proof of Theorem 
16.11 we have 

char (:F(o,o)/C) ® JF( 2 ,i) = char ^,1) + 2J cnar -^(p* 2 )- 

p>3 p>2 

But we know from Theorem 15 . 1 1 that the only copy of F( Pt i) in -B 2j 4 is -773,1) and 
the only copy of F(p,2) is -^(3,2) ■ Therefore, the Jordan-Holder series of the module 
-82,4 contains exactly two irreducible H^-modules ^(3,1) and ^"(3,2)- 

□ 



Now we show that i?2,4 is not a direct sum of the modules ^(3,1) and ^(3,2) in 
its Jordan-Holder series. 
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Proposition 6.2. The W 2 -module £?2,4 is isomorphic to a nontrivial extension of 
•^(3,2) by F(3,i)- 

Proof. For a WVmodule M, we denote by M[k] the weight space of M for weight 
k of the Euler vector field in two variables. Notice that B 2 4 has a WVsubmodule 
C-2,4 = [[^2,^.2], [A 2 , A2W/L5. The lowest weight of C2.4 is 5 and the lowest weight 
vectors are a[[x , y], [x,y\] + b[[x, y ], [x, y]]. Therefore €"2,4 is isomorphic to ^"(3,2)- 
Since we have dim ^(3,2) [4] = 2, it follows that [[x 2 ,y], [x,y]] and [[x,y 2 ], [x,y]] form 
a basis of Ca,4[4]. From Theorem 16.21 it follows that the WVmodule #2,4/02,4 is 
isomorphic to ^(3,1) • So we have an exact sequence of WVmodules 

— > ^"(3,2) — > B 2 A —> -^(3,1) — * 0. 

We will now show that this sequence does not split. Since the diagram (3, 2) has 
5 cells, dim ^(3,2) [4] = 0. Then if we had B 2 ,4 = F(3,i) © ^(3,2), the entire space 
•62,4 [4] would belong to the copy of ^(3,1) in £?2,4 which we denote by F. Notice 
that [x, [x, [x,y]]], [x, [y, [x,y]]], [y, [y, [x,y]]] are in B 2 , 4 [4], so 

d d d 

s = -3y 2 — [x, [x, [x,y]]] - x —[y, [y, [x,y]]] + 2xy—[x, [x, [x,y]]] 

is in F. 

By using Jacobi identity and relations in -62,3, we have: 
d 

— 3y 2 — [a;, [x, [x, y]]] = -3[x, [x, [x, y 2 }]}, 
dy 

d 

-x 2 ^-[y,[y,[x,y}}} = [[x,y], [x ,y]] - 2[y, [x 2 , [x,y]}], 
dy 

g 

2xy ~dx^ X ' ^' = [[ X >V]> [ x2 ^y]\ +2[x, [y, [x 2 ,y]}} + 3[x, [x, [x,y 2 ]}}. 

Adding them up, we obtain s = A[[x,y],[x 2 ,y]] which is a nonzero element in 
£? 2 ,4- Since s belongs to F n C 2 ,4, we have that F n 6*2,4 7^ which contradicts our 
assumption that B(2,4) — F (B C 2 ,4. So as a WVniodule, B 2 4 is isomorphic to a 
nontrivial extension of ^"(3,2) by ^"(3.1). Q 

To completely characterize 52,4 as a W^-module, we prove 

Proposition 6.3. All the nontrivial extensions 0/^3 2) by ^(3,1) are isomorphic. 

Proof. Firstly we construct such a nontrivial extension abstractly. We have the 
Lie algebra W n of polynomial vector fields on V*, where V = C". We denote 
by W® the subalgebra of W n of vector fields vanishing at the origin. For every 
Young diagram D, we have a corresponding representation Fjj of g[(n, C), and a 
corresponding representation of in which linear vector fields ^2 a ij x i~(^r ac t as 
matrices (a^) and higher-order vector fields act by zero. Suppose that D,E are 
two Young diagrams such that if we align their left upper corners the set-theoretic 
difference E — D is equal to one box (an example of such a pair of diagrams is 
E = (3,2), D — (3,1)). It is known that in this case there exists a nonzero 
homomorphism Fjj ® V — > Fe, which is unique up to scaling. 

We construct a representation Y of W® as follows. As a vector space Y := 
Fd © Fe- Linear vector fields which correspond to gl(n, C) act on Y as in the 
direct sum of the representations Fd, Fe of gt(n, C). Cubic and higher vector fields 
act by zero. It remains to describe how quadratic vector fields act. They form a 
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space S 2 V ®V* , which has a unique invariant projection to V . So we can define an 
action of S 2 V (g> V* on Fd © Fe by using this projection and the map Fd <8> V — > Fg 
(this action will map the subspace Fd to Fg and the subspace Fe to 0). 

Now we define the representation Ty := Homp^o) (U(W n ), Y). Then we have 
an exact sequence 

— ► J~e — > Ty — > Td — ► 0. 

From now on, let us fix the Young diagrams D = (3, 1), E — (3, 2) and the corre- 
sponding representations Y, Ty of W 2 and W 2 . 

Now we prove that any W^-module M for which there is a short exact sequence 

- ^(3, 2 ) -» M -> ^(3,1) -» 

which does not split is isomorphic to Ty . Suppose we have such a module M. 
We have M[4] = Fr 3 ^ and M[5] = F( 3 2 ) © F( 3jl ) <g> V, which is isomorphic to 
-f(3,2)(l) © (^(3,2) (2) © F( 41 )) (the 1 and 2 in parentheses denote the first and the 
second copy). So as st(2, C)-modules, M[4] S V 2 and M[5] S Vi(l) © (Vi(2) © F 3 ) 
where the subscripts denote the highest weights. Now we have the degree 1 part 
W[l] (quadratic vector fields) of W := W 2 acting from M[5]* to M[4]*. As an 
sl(2, C)-module, we have a decomposition W[l] = V\ © V3. Let us pick a nonzero 
element / in (Vi(l) © 14(2))* C M[5]* of weight 1 which is killed by the lowest 
vector (of weight —3) of V3 C W[l]. This is a scalar linear equation, so / exists (and 
is unique up to a scalar since the above equation is nontrivial). It generates a copy 
of Vi inside M[5]*, which we call N. Moreover, since the extension is nontrivial, 
W[l] acts nontrivially on N. Thus, N 1 - © M[> 6] C M is a VF 2 -submodule, and 
the quotient module M/(N ± © M[> 6]) = N* © M[4] is isomorphic to Y. 

Therefore we have a natural M^-homomorphism M — > Ty, which is an isomor- 
phism in degrees 4 and 5. Hence it is an isomorphism (as there are only 2 terms in 
the Jordan-Holder series of M). The proposition is proved. □ 
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7. Appendix: B 2 (A) for a general associative algebra A 
by Pavel Etingof 

The goal of this appendix is to generalize some of the results of Feigin and 
Shoikhet |FSj to the case of any associative algebra. 

7.1. The algebra R(A). Let A be an associative algebra over C. Let D(A) = 
A © A, regarded as a supervector space, where the first copy of A is even and the 
second one is odd. For a G A, let us denote the elements (a,0),(0, a) of D{A) by 
x a ,£ a , respectively. 

Define the supercommutative algebra R(A) to be the quotient of the symmetric 
algebra SD(A) by the relations 



X a X b - X ab + £ a £fc = 
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and 

Xaib + £,a x b - iab = 0. 

This is a DG algebra, with dx a = £ , d£ a = 0. 

It is clear that the quotient of R(A) by the ideal / generated by the odd ele- 
ments is A a b, the abelianization of A. Thus R(A) is a certain super-extension of the 
abelianization of A. More precisely, let f2(A a b) be the DG algebra of Kahler differ- 
ential forms for the abelianization A a b of A. It is defined by the same generators 
as R(A) but with defining relations 

XaXb ^ab 

and 

Xa€b + S,aX b - tab = 

with dx a — £ , d£ a — 0. Thus, denoting by grR(A) the associated graded algebra of 
R(A) under the filtration by powers of /, we obtain that there is a natural surjective 
homomorphism rj : Q(A a y,) — > grR(A). It is not always an isomorphism. 

Definition 7.1. We will say that A is pseudosmooth if A a b is a regular finitely 
generated algebra (i.e. Spec(A a b) is a smooth affine algebraic variety X), and i] is 
an isomorphism. 

Proposition 7.1. A is pseudosmooth if and only if R(A) is isomorphic, as a 
DG algebra, to the algebra Q(X) of regular differential forms on a smooth affine 
algebraic variety X . 

Proof. Suppose that R(A) = Q(X). Then A ah = Q(X) / '(dfipQ) = O x , and 77 
is clearly an isomorphism. Conversely, if A a ^ = Ox for smooth X and r\ is an 
isomorphism then the projection R{A) — > A a ^ splits, and this splitting uniquely 
extends to an isomorphism of DG algebras Q(X) — ► R{A). □ 

7.2. The Fedosov products. For any DG algebra S introduce the Fedosov prod- 
uct on S by 

f*9 = f-9 + (-l) m <V-dg, 
and the inverse Fedosov product by 

fog = f.g-(-l)\f\df-dg, 

and let S*,S be the algebra S equipped with the Fedosov product, respectively 
the inverse Fedosov product. 

Obviously, the operations of passing to the Fedosov and inverse Fedosov product 
in a differential algebra are inverse to each other, hence the terminology. 

7.3. The universal property. It turns out that the algebra R(A) has the follow- 
ing universal property. 

Proposition 7.2. For any supercommutative DG algebra S, one has a natural 
isomorphism Homr)G(R(A), S) — ► Hom(A, S*o)> where S*o is the even part of S*. 

Proof. It is clear that any homomorphism / : R(A) — > S is determined by the 
elements y a = f(x a ), and the elements y a define a homomorphism if and only if 
they satisfy the equations y a * yb — y a b = 0. This implies the statement. □ 
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7.4. Relation with noncommutative differential forms. In fact, the alge- 
bra R(A) can be obtained from noncommutative differential forms on A ( |CQ| ). 
Namely, let f2 nc (A) = A® T(A) denote the DG algebra of noncommutative differ- 
ential forms on A (here A = A/C); it is the span of formal expressions a^dai ■ ■ ■ da n . 

Proposition 7.3. The algebra R{A) is naturally isomorphic to the abelianization 
(in the supersense) of the DG algebra Q nc (A) . 

Proof. It suffices to show that if S is a supercommutative DG algebra, 
then Rom DG (R(A), S) = Rom DG (Q nc (A) , S). 

But Rom DG (n nc (A) ,S) = Rom DG (n nc (A), S,) = Hom DG (A, S*o), and the 
result follows from the universal property of R(A). □ 

7.5. Description of R(A) using a presentation of A. Let V be a vector space. 
Then SV ® AV is naturally a differential algebra (the De Rham complex of V*). 
Suppose that A = TV/(L), where L C TV is a set of relations. 

Let g : TV — > (SV ® AV)*o be the homomorphism defined by the condition that 
g(v) = v e SV for v G V. 

Proposition 7.4. We have R(A) = (SV ® AV)/(g(L) U dg(L)). 

In particular, we see that R(TV) = SV (g> AV. 
Proof. We have 

Hom(A, S M ) ={fe Rom DG (SV ® AV, S) : f(g(L)) = 0}, 
which implies the desired statement by Proposition 17.21 □ 

7.6. The quotient of A by triple commutators. 
Proposition 7.5. We have a natural isomorphism of algebras 

(p : A/A[[A, A],A]A -> R(A)* - 

Proof. We have a natural homomorphism 4> given by 4>(a) = x a . Let us show that 
it is an isomorphism. As shown in FS , is an isomorphism for A = TV. On 
the other hand, A/A[[A,A] 1 A]A is the quotient of TV/TV[[TV,TV],TV]TV by 
the additional relations L. Thus, it suffices to show that R(A)*q is obtained from 
(SV <S> AV)»o by imposing additional relations g(L). These relations clearly hold, 
so we need to show that there is no others. 

Thus, by Proposition l7.4[ we need to show that in the algebra (SV®AV)*o/(g(L)), 
we have a ■ g(b) = and c • dg(b) — for all b G L, a G (SV ® AV)o and 
CG (SV® AV)i. 

The first equality follows since a ■ g(b) = h(a * g(b) + g(b) * a). To prove 
the second equality, note that since c is odd, we have c = Cj ■ dvj , hence 
c • dg(b) =^2cj ■ dvj ■ dg(b), and dv ■ dg(b) = ^(v * g(b) — g(b) * v) = 0. □ 

Proposition 7.6. The map <j> of Proposition \775\ maps [A, A] onto the image of d 
in R(A)* . 

Proof. It is shown in [FS] that if A = F is a free algebra then the statement holds. 
This implies that it holds for any associative algebra. □ 

Let gr(j4) be the associated graded Lie algebra of A with respect to its lower 
central series filtration. Let Z(A) = A[[A, A],A]A/([A, A] n A[[A, A], A] A). Thus, 
Z(A) c Ih(A). 
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Proposition 7.7. (i) Z(A) is central in the Lie algebra gr(A). 

(ii) The space B 1 (A)/Z(A) is isomorphic, via <j), to R(A) / R(A)^ act . 

Proof. Part (i) follows from Lemma 2.2.1 of |FSj (this lemma is proved in |FS| for 
the free algebra but applies without changes to any associative algebra). Part (ii) 
follows from Proposition \TM O 

7.7. The first cyclic homology. Let A be an associative algebra, and M^(A) be 
the subspace of A 2 A spanned by the elements 

ab A c + be A a + ca A b. 

We have a natural map [,] : A 2 A/W(A) — > [A, A] given by a A b — > [a,b]. Recall 
}Loj that the first cyclic homology HC\(A) C A 2 A/W(A) is the kernel of this map. 
Define the map C : A 2 A/W(A) -> R(A) 1 / R(A) c ™ ct by the formula 

((a Ab) = #(a) • <p{b). 

It is easy to see that this map is well defined. Moreover, if u £ HCi(A) then 
closed. Thus, we obtain a map C : Hd(A) -> H odd (R(A)). Denote by Y(A) the 
image of this map. 

7.8. Pseudoregular DG algebras. Let 5 be a commutative DG algebra. Let 
S' = SyS cxact . Define the linear map 9 : A 2 S -> S[ by the formula 6{a, b) = da- b. 
This is skew-symmetric because da ■ b + db ■ a = d(ab). It is clear that the kernel 
kcr# contains the elements 

n(a, 6, c) :=abAc + ()cAa + caAi), 

where a, 6, c £ So, and the elements aAb where a is exact. Denote the span of these 
two types of elements by E. 

Let us say that Sq is pseudoregular if S± = SodSo (implying that 9 is surjective), 
and ker 9 = E. 

7.9. Pseudoregularity of the De Rham DG algebra of a smooth variety. 

Let X be a smooth affine algebraic variety over C. Denote by Ox the algebra of 
regular functions on X, and by Q(X) the DG algebra of regular differential forms 
on X. 

Theorem 7.1. The algebra S := Q(X) is pseudoregular. 

Remark 7.1. This was proved in [FS in the special case when X is the affine space 
C". 

Proof. It is obvious that S\ = SodSo- We need to show that 9 identifies A 2 Sq/E 
with S[. To do so, write n(a, b, c) in the form 

Ac(a, b, c) = ab A c — a A be — b A ca. 

From this we see that modulo the span of E, any element of A 2 «So can be reduced 
to an element of Ox <8> So (where Ox is viewed as the subspace of 0-forms in the 
space So of even forms). 

Furthermore, by modding out by n(a, b, c) we factor out a subspace of 
Ox ® So which is spanned by ab ® g — a ® bg — b ® ga, a, b <E Ox, g £ So- 
The corresponding quotient space is the Hochschild homology HHi(Ox, So). Since 
So is a projective module over Ox (as X is smooth), we have HHi(Ox,So) = 
HHi (Ox , Ox ) ®o x So j which by the Hochschild-Kostant-Rosenberg theorem ( [Lo] ) 



ON THE LOWER CENTRAL SERIES 



19 



equals Q 1 (X) ®o x So- In fact, the relevant projection Ox <8>c So — * ^(X) ®o x So 
is simply given by the formula a® g ^ da® g. 

Further, for any a, b, c S Ox, J £ Si we have, modulo -E: 

a A db ■ dc ■ f = a ■ db ■ dc A f = —b ■ da ■ dc A / = —6 A da ■ dc ■ f, 

which proves that in fact, modulo E, the space ^(X) ®o x So gets projected onto 
its quotient space Si, and the resulting projection map Ox <8>C So — > Si is given by 
o®3 — > da-g. Moreover, it is clear that we project further down to S( = Si/SJ xact , 
because the space of exact elements of Si is spanned by elements of the form daAf, 
where / is an exact element of So and a s Ox, and such an element is the image 
of a A /, which belongs to E. The theorem is proved. □ 

7.10. The structure of B2(A) for pseudosmooth algebras. The main result 
of the appendix is the following theorem. 

Theorem 7.2. Let A be a pseudosmooth algebra. Then 

(i) B2{A) is naturally isomorphic to R(A)' 1 /Y(A) ; in particular, if R(A) has no 
odd cohomology, then B 2 {A) = i?(A)g xact . 

(ii) ( [A, A] C\A[[A, A] , A]A) /[[A, A] , A] is naturally isomorphic to H odd (R(A))/Y(A). 
(Hi) In terms of the identification of (i) and Proposition \1.&( ii), the bracket map 

A 2 (Bi(A)/Z(A)) — > B 2 (A) is given by the formula a Ab — » da ■ b. 

Proof. According to [FSj . proof of Lemma 1.2, we have an exact sequence 

>HCi{A) -> A 2 {A/[A,A])/{ab Ac + bcAa + caAb) -> [A, A] /[[A, A], A] -> 0. 

By Proposition [7771 this implies that we have an exact sequence 

>HCi(A) -» A 2 (R{A) )/(abAc + bcAa + caAb) -> [A, A], A] ^0. 

Since A is pseudosmooth, by Proposition 17. II the middle term has the form 

A 2 O e venP0/(a A be + b A ca + c A ab), 

where X is the spectrum of A a b. By Theorem 17. 1\ this equals r2 o dd(- 5 0/f2°*j a 1 ct (X). 
Clearly, the space HC X {A) maps onto Y(A) C O odd (X)/fi^f This implies 
the first and third statements. The second statement follows from the first one and 
Proposition [77T5] □ 

Remark 7.2. In the special case when A is a free algebra, Theorem 17.21 is proved 
in [FS]. In this case, one has [A, A] n A[[A, A], A]A = [[A, A], A]. However, in 
general this equality does not have to hold. For example, let A be the algebra 
generated by two elements x,y with the only relation xy = 1. Then it is easy to 
show that HCi(A) = (see e.g. [EG], Section 5.4), and R(A) = Q(X), where 
X is the curve defined by the equation xy — 1 in the plane (i.e X = C*). This 
algebra is commutative (even with the ^-product), since X is 1-dimensional. Thus, 
A/A[[A,A],A]A is commutative, and hence [A, A] C A[[A,A],A]A However, it 
follows from Theorem [7j2] that the space [A, A] /[[A, A], A] is 1-dimcnsional. In fact, 
one may check that it is spanned by the element [x,y]. 

7.11. A sufficient condition of pseudosmoothness. 

Proposition 7.8. Let f\, . . . , f m £ A n be a set of elements, such that their images 
fl, ... , f m in C[xi, . . . , x n ] form a regular sequence defining a smooth complete 
intersection X in C" (of codimension m). Then the algebra A := A n /(fi, . . . , f m ) 
is pseudosmooth, and R{A) is isomorphic to il(X). 
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Proof. We have A a \, = Ox, and because of the complete intersection condition, 
r\ is an isomorphism. Thus A is pseudosmooth, and by Proposition 17. 1( R(A) 
isomorphic to fi(X). □ 

7.12. Examples. The above results allow one to compute B2{A) for specific alge- 
bras A. 

Proposition 7.9. Suppose that L C SV C TV. Then g(L) = L C SV, and hence 
R{A) is naturally isomorphic to the algebra of Kahler differential forms i7(A a b). In 
particular, if A^b is regular then A is pseudosmooth. 

Proof. Obvious. □ 

Example 7.1. Let A be the free algebra in three generators x,y,z modulo the 
relation x 2 + y 2 + z 2 = 1 (noncommutative 2-sphere). Let us compute the space 
B 2 (A) as a representation of 5*0(3) acting on this algebra. From Proposition 17.91 
we find that A is pseudosmooth, and R(A) is the algebra of polynomial differential 
forms on the usual commutative quadric Q. In this case, we have no odd cohomol- 
ogy, so by Theorem I7.2[ B 2 (A) is the space of exact 2-forms. The space of exact 
2-forms is a subspace of codimension 1 in the space of all 2-forms, since H 2 (Q) is 
1-dimensional. The space of all 2-forms is isomorphic to the space of functions as 
an S'0(3)-module, since there is an invariant symplectic form on the quadric (the 
area form). Now, we have 

Fun(Q) = Vo e V 2 Va ® ■ ■ ■ , 

where V 2 i is the (2i + l)-dimensional representation of 5*0(3). Thus, 

B 2 (A) = V 2 ®Vi® ■■■ 

Let us now consider more general examples. As before, assume that L C SV, 
and suppose that A = TV/(L) is a pseudosmooth algebra (i.e., A^ is regular), such 
that R{A) has no odd cohomology. Suppose further that L is fixed by a reductive 
subgroup G C GL(V), such that R(A) is a direct sum of irreducible representations 
of G with finite multiplicities. In this case, one can define the character-valued 
Hilbert series F(z), E(z), H(z) of the graded representations R(A), i?(A) cxact , and 
the cohomology H(A) of R(A). Then we have the equations 

z(F - E - H) = E, 

which implies that 

S=^. (3) 
1 + z 

This formula is useful because often F and H are known explicitly. 

Example 7.2. Let g be a simple Lie algebra with root system R and Weyl group 
W, and let G the corresponding simply connected group. Let r be the rank of G, 
Pi, . . . ,p r be homogeneous generators of the ring (Sg) G , and di = deg(pj. Let hi 
be generic complex numbers, and let A(g, b) be the quotient of the tensor algebra 
Tg by the relations pi = bi. Note that the algebra from Example 17. II is the special 
case of A(g, b) for g — sl(2). 

Let us calculate the decomposition of the space B 2 (A) into irreducible represen- 
tations of G. We have B 2 (A) = ®vei^(G)Nv ® V, where N v = Hom G (V, B 2 (A)). 
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By formula ([3|), we have 

dimAV = \{E V {1) +Ev(-1)), 

with 

E v (z) = T ^-{F v {z)~H v {z)), 

where Fy and Hy are contributions of V into F and H , respectively. It remains 
to find Fy{z) and Hv{z). 

By Proposition I7.9[ we find that R(A) is the algebra of polynomial differential 
forms on G/H, where H is a maximal torus in G. Thus we have Hy(z) = unless 
V = C, 

i— 1 

is the Poincare polynomial of G/H, and 

Fy(z) = ^ ^ dimHom H (T/, A J ( /f,)), 

where f) = LiciJ. More explicitly, 

F v (z)=C.T.{ X v ■ ]J(l + ze a )), 

where xv* is the character of V* , and C.T. means the constant term. 
In the case g = sl(2), this recovers the answer from Example 17. II 

Corollary 7.1. Let v(R) be the number of subsets of R with zero sum. Then 

dim B 2 (A) G = ^(v(R)~\W\). 

Proof. It is easy to show that F c (-1) = H c {-1) = \W\, and F£(-l) = H^(-l) = 
-\R\\W\/2, thus E c (-1) = 0. So dimB 2 (A) G = \E C {1) = j(F c (l) - H c (l)). But 
we have H C {1) = \W\, and F C {1) = v(R). The corollary follows. □ 

For example, dimB 2 (-4) G is for q = st(2), 1 for g = st(3), and 32 for g = st(4). 

Example 7.3. Let P E C(x,y) be a noncommutative polynomial in two variables 
x,y, and P be the abelianization of P (i.e., the image of P in the polynomial 
algebra C[x,y]). Denote by Ap the algebra C(x,y)/(P). Assume that the curve 
Xp given by the equation P(x,y) = is smooth. Then A = Ap is pseudosmooth, 
and thus Theorem 17.21 applies to A. Moreover, since Xp is a curve, the algebra 
A/A[L4, A], A] A is commutative, and hence [A, A] C A[[A,A],A]A Thus B 2 {A) = 
([A,A]nA[[A,A],A]A)/[[A,A},A}=Hi(X P )/Y(A). 

The space Y(A) actually depends on P, not only on P. For example, assume 
that the leading term of P is generic. In this case, by the results EG , HCi(A) = 0, 
and hence B 2 {A) = H 1 (X P ). The same holds if the leading term of P is, say x p y q . 
Thus, for example, if P = x 2 y - 1 then B 2 (A) = H l (C*) = C. On the other hand, 
if P = xyx — 1 then in A we have xy = xyxyx — yx, so A = C[x, y\j (yx 2 = 1), and 
B 2 (A) — (thus, Y(A) is 1-dimensional in this case). 

Let us do two concrete examples. 

1. P is a generic polynomial of degree d. In this case the curve X = Xp 
has genus (d — l)(d — 2)/2 and d points at infinity. So its Euler characteristic is 
X = 2-(d-l)(d-2)-d = -d(d-2), and hence dim B 2 (A) = dimff 1 ^) = (d-l) 2 . 
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2. Let P(x,y) = Q(x)y m — 1, where Q is a monic polynomial of degree n with 
roots of multiplicities p±, . . . ,p r . In this case the curve X = Xp is the Riemann 
surface of the function y — Q(x) 1 ^" 1 . The number of components of this curve is 
the greatest common divisor d of pt and m. Also, the curve is a regular covering of 
the line without r points of degree m. Therefore, the Euler characteristic of X is 
ra(l - r), and thus dim B 2 (A) = dimiP(X) = m{r - 1) + d. 

Let P be a generic nonhomogeneous noncommutative polynomial of degree d in 
n > 1 variables. Let A = A n /(P). 

Proposition 7.10. dim(L4, A] n A[[A, A], A]A)/[[A, A], A] is (d-l) n if n is even, 
and if n is odd. 

Proof. Let P be the abelianization of P, and X be the hypersurface defined by the 
equation P = in C™. Then by Theorem 17.21 and the results of [EGj . the space 
([A, A] n A[[A, A], A] A) /[[A, A], A] is isomorphic to the odd cohomology H odd (X). 

Since X is generic, it is obtained by removing of a smooth projective hypersurface 
of degree d and dimension n — 2 from one of degree d and dimension n— 1. Therefore, 
by the Lefschetz hyperplane section theorem, X has cohomology only in degrees 
and n — 1. This implies the result in the case of odd n. If n is even, the dimension 
of the odd cohomology is 1 — x, where \ is the Euler characteristic of X . So it 
remains to find x- 

The computation of x is we ll known, but we give it for the reader's convenience. 
We may assume that X is the hypersurface X(d,n) defined by the equation 

xi+---+x d n = i. 

Then by forgetting x n we get a degree d surjective map X(d,n) — > C™ _1 which 
branches along X(d,n — 1) (where there is 1 instead of d preimages). Thus if 
x(d, n) denotes the Euler characteristic of X(d, n), then we have 

X(d, n) = d-(d - l)x(d, n - 1). 

Since x(d, 1) = d, we get by induction x(d, n) = 1 — (1 — d) n . Hence the dimension 
in question is (d — 1)™, as desired. □ 
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